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We have reported shell-model results for 47−58Ca isotopes in the fp, fpg9/2 and fpg9/2d5/2 model
spaces using realistic NN interaction. We have also performed a systematic shell-model study
using interactions derived from in-medium similarity-renormalization group (IM-SRG) targeted for
a particular nucleus with chiral NN and 3N forces. The results obtained are in a reasonable
agreement with the available experimental data in fp model space with NN interaction. It is shown
that d5/2 orbital plays marginal role for the spectroscopy for heavier neutron-rich Ca isotopes. We
have also examined spectroscopic factor strengths using NN and NN +3N interactions for recently
available experimental data.
PACS numbers: 21.60.Cs, 21.30.Fe, 21.10.Dr, 27.20.+n, 27.30.+t
I. INTRODUCTION
The study of neutron-rich calcium isotopes is a topic
of ongoing interest to understand the shell evolution and
the location of drip line [1, 2]. The discovery of 60Ca and
implication for the stability of 70Ca has been recently
reported by RIKEN experimental group in the Ref. [3].
In contrast to ab initio calculations including three-body
forces and continuum effects predict that 59Ca [4, 5] is un-
bound and 60Ca marginally bound and unbound [6]. The
mass measurement of 55−57Ca [7] confirmed the N=34
subshell closure in 54Ca. In the recent experiment, the
robust characteristic of N = 34 subshell closure has been
reported in 52Ar [8].
The neutron-rich Ca isotopes have been previously in-
vestigated by the shell model with NN and NN+3N in-
teractions in fp and fpg9/2 model spaces [9]. Shell-model
calculations show that fpg interaction can reproduce rea-
sonable spectra up to N ≤ 35 but fails to explain strong
collectivity in nuclei around N = 40. To reproduce the
enhanced collectivity, d5/2 orbital should be included in
fpg9/2 model space, because collective behavior can be
understood in terms of quasi-SU(3) [10]. The importance
of the d5/2 orbital is also reported in Ref. [11]. It has
been proposed [12] that for neutron-rich fp-shell nuclei,
the neutrons are excited to the sdg orbitals coupled to
the unfilled f7/2 proton orbital is responsible for a new
region of deformation. Recently, the shell-model inter-
pretation of the first spectroscopy of 61Ti using LNPS
interaction for fpg9/2d5/2 model space has been reported
by Wimmer et al. in Ref. [13]. It has been shown that
the ground state configuration is dominated by particle-
hole excitations to the g9/2 and d5/2 orbitals. Thus, in
the neutron-rich fp shell nuclei, the inclusion of d5/2 or-
bital in the model space becomes crucial as we approach
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towards N = 40.
Earlier, it has been shown that the many-body pertur-
bation theory (MBPT) with three-nucleon forces (3N) is
very important to explain the spectroscopy of neutron-
rich Ca isotopes [14]. In addition, the ab initio calcula-
tions with other modern approaches: in-medium similar-
ity renormalization group (IM-SRG) and coupled-cluster
effective interaction (CCEI) with chiral NN and 3N
forces among valence nucleons are found to describe well
the location of drip line [15].
The neutron-rich calcium isotopes are particular at-
traction for investigating the shell formation. The impor-
tance of 3N forces are crucial for explaining spectroscopy
of Ca chain as reported in Ref. [9].
Motivated with recent experimental data for spectro-
scopic factor strengths for Ca isotopes, we perform shell-
model calculations with NN and NN +3N interactions.
The aim of the present manuscript is to investigate re-
cently available experimental data for spectroscopy and
nuclear observables for the Ca isotopes using shell-model
calculations with NN interaction for fp, fpg9/2, and
fpg9/2d5/2 model spaces. We have also reported shell
model results with NN + 3N interaction for fp space.
The present study will add more information to earlier
theoretical work reported in Refs. [9, 14].
This paper is organized as follows. In Sec. II, we
present details of theoretical formalism. Comprehensive
discussions are reported in Sec. III. Finally, a summary
and conclusions are drawn in Sec. IV.
II. THEORETICAL FRAMEWORK
We can express the present shell-model effective Hamil-
tonian in terms of single-particle energies and two-body
matrix elements numerically,
H =
∑
α
εαNˆα
+
1
4
∑
αβδγJT
〈jαjβ |V |jγjδ〉JTA
†
JT ;jαjβ
AJT ;jδjγ ,(1)
2where α = {nljt} denote the single-particle orbitals
and εα stand for the corresponding single-particle ener-
gies. Nˆα =
∑
jz ,tz
a†α,jz,tzaα,jz ,tz is the particle number
operator. 〈jαjβ |V |jγjδ〉JT are the two-body matrix ele-
ments coupled to spin J and isospin T . AJT (A
†
JT ) is the
fermion pair annihilation (creation) operator.
In the present work, we perform shell-model calcula-
tions in fp, fpg9/2, and fpg9/2d5/2 model spaces. To
diagonalize the matrices, the shell model code KSHELL
[16] has been used.
We have taken GXPF1Br+VMU interaction [17] for all
the three model spaces. Since the GXPF1Br+VMU in-
teraction is made for fpg9/2d5/2 model space, thus while
doing calculation for fp and fpg9/2 model spaces, we al-
low valence neutrons to occupy in the f7/2, p3/2, f5/2,
p1/2 orbits, and further including g9/2 orbit, respectively.
The fp-shell matrix elements are taken from GXPF1Br
[18]. The GXPF1Br [18] interaction is modified version
of GXPF1B [19] with correction in monopole interaction
for < 0f5/21p3/2|V |0f5/21p3/2 >T=1. The GXPF1B in-
teraction [19] is upgraded version with the modification
of five T = 1 two-body matrix elements and the bare
single-particle energy which involve the 1p1/2 orbit from
GXPF1A [20]. The cross-shell two-body interaction be-
tween fp and gds-shell orbits are taken from VMU [21]. In
the Hamiltonian ( Eq. 1) we have added βc.m.Hc.m. term
as proposed by Gloeckner and Lawson [22] to remove the
spurious center-of-mass motion due to the excitation be-
yond one major shell in the case of fpg9/2 and fpg9/2d5/2
calculations. Further, all the two-body matrix elements
are scaled by (A/42)−0.3 as the mass dependence.
Stroberg et al . [15] presented a nucleus-dependent
valence-space approach using the IM-SRG, which is nor-
mal ordered with respect to a finite-density reference
state |Φ〉. This approach adopts a decoupled valence
space Hamiltonian in which occupied orbits are fraction-
alized. The effective Hamiltonian can be expressed in
terms of single-particle energies and two and three-body
matrix elements, as:
H = E0 +
∑
ij
fij{a
†
iaj}+
1
4
∑
ijkl
Γijkl{a
†
ia
†
jalak}
+
1
36
∑
ijklmn
Wijklmn{a
†
ia
†
ja
†
kanamal}, (2)
where E0, fij ,Γijkl and Wijklmn are the normal ordered
zero-, one-, two-, and three-body terms, respectively.
The normal ordered strings of creation and annihilation
operators obey 〈Φ|{a†i . . . aj}|Φ〉 = 0. Here chiral NN
interaction is taken from N3LO [23, 24], and a chiral
3N interaction is taken from N2LO [25]. To make the
calculation easier, the residual 3N interactionWijklmn is
neglected among valence nucleons, leading to the normal-
ordered two-body approximation due to overbinding that
grows with an increase in valence particles.
III. RESULTS AND DISCUSSION
The comparisons of energy levels with calculations and
experimental data are shown for 47−52Ca and 53−58Ca in
Figs. 1 and 2, respectively.
In 47Ca, the fp, fpg9/2, and fpg9/2d5/2 model spaces
result for negative parity states are in a reasonable agree-
ment with the experimental data.
In 48Ca, the first excited 2+ state is higher than those
of the neighboring Ca nuclei. All the three set of model
space results are in a good agreement with the experi-
mental data for positive parity energy states, while the
3− and 5− states in fpg9/2 and fpg9/2d5/2 calculation
are much higher than the data. With increasing model
space the energy levels are slightly compressing.
For 49Ca, all the calculations with NN force repro-
duce well first excited 1/2− state. The ground state in
49Ca is dominated by the single-particle p3/2 state. The
calculated first 5/2+ level is at 6.966 MeV in the calcula-
tions from fpg9/2d5/2 model space and 9.575 MeV with
fpg9/2 model space. For the other excited states, the
calculation from all the three valence spaces reproduce
reasonably energy levels. In IM-SRG, the first excited
1/2− state lies at very high energy (∼ 1.7 MeV higher).
For 50Ca, the location of the first excited state 2+ in
all the calculations have been predicted very well with
experimental data except for IM-SRG result. IM-SRG
calculations with NN+3N forces underestimate the first
excited state by 500 keV. Most of the experimental levels
are tentative in case of 50Ca. The large energy difference
between the 21
+ and 22
+ states is reproduced by all NN
interactions. The spin and parity of the third excited
state have not been experimentally identified, but our
calculations predict it 1+ state.
In 51Ca, there is no definite experimental information
on the spins and parities of the excited states. The first
excited 1/2
−
state is indicative of the effective p3/2−p1/2
gap and is consistent with the experimental tentative spin
assignment.
The experimental evidence of N = 32 subshell closure
for 52Ca was first time reported in Ref [26]. The calcula-
tion from all three valence space reproduces well higher
2+1 level, consistent with the N = 32 subshell closure. All
the calculations predict the second excited state as 1+,
while this state is not yet observed experimentally. The
observed (3−) state above 2+1 is tentative.
In 53Ca, the ground state is dominated by p1/2 hole.
Hence the difference between the first excited 5/2
−
and
3/2
−
levels will be mostly due to effective p1/2−f5/2 and
p1/2 − p3/2 gaps. This suggests both the N =32 and N
= 34 subshell closures. The fp model space and IM-SRG
calculations in fp shell predict 5/2
−
for the first excited
state. In the valence spaces fpg9/2 and fpg9/2d5/2, the
calculations predict 3/2
−
.
For 54Ca, the first experimental spectroscopic study
on low-lying states was performed with proton-knockout
reactions at RIKEN [18]. They observed 21
+ state at
3FIG. 1: Comparison between calculated and experimental [27] energy levels for 47−52Ca.
4FIG. 2: Comparison between calculated and experimental [27] energy levels for 53−58Ca.
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FIG. 3: Occupancies of g9/2 and d5/2 orbitals for the ground
state in the Ca isotopes with GXPF1Br+VMU interaction.
TABLE I: B(E2) value in calcium isotopes compared with
experiment [28, 29]. The B(E2) values are calculated with
IM-SRG and GXPF1Br+VMU (fp, fpg9/2, and fpg9/2d5/2
model spaces) interactions. The units are in e2fm4.
Nuclei Transition Expt. fp fpg9/2fpg9/2d5/2 IM-SRG
47Ca 3/2− → 7/2− 4.0 ± 0.2 3.22 3.08 3.02 1.58
48Ca 2+ → 0+ 19 ± 6.4 10.35 10.50 10.60 11.82
49Ca 7/2− →3/2− 0.53 ± 0.21 3.53 3.27 3.28 0.001
50Ca 2+ → 0+ 7.4 ± 0.2 7.82 7.82 8.01 8.0
2.043 MeV. The calculations predict this state at 2.689
MeV in fpg9/2d5/2 space and at 2.569 MeV in fpg9/2
space. In the IM-SRG calculation, the first excited state
lies much higher (at 3.352 MeV) than the experimental
energy.
In 55−58Ca, only spin and parity of ground states are
known except for 57Ca. We have calculated a few low-
lying states using the shell-model. Our calculated results
will be important for upcoming future experiments.
In 55Ca fp, fpg9/2d5/2, and IM-SRG predict 5/2
−
as
ground state, consistent with experimental data, while
fpg9/2 calculation shows 1/2
−
as the ground state.
Thus we may conclude that results of fp model space
is sufficient to reproduce energy levels of Ca isotopes and
the role of d5/2 orbital is very small. Although, with
increasing the neutron number, the occupancy of the d5/2
orbital increases as shown in the Fig. 3.
In Table I, we have shown B(E2) values for selected
transitions in Ca isotopes. Our calculated results are in
a reasonable agreement with the experimental data. In
the calculations, the neutron effective charge is taken as
en = 0.5e.
In Table II, we present the calculated spectro-
scopic quadrupole moments and magnetic moments
for odd-mass of calcium isotopes using IM-SRG and
GXPF1Br+VMU (fp, fpg9/2, fpg9/2d5/2 model spaces).
The calculated results are in good agreement with the ex-
perimental data for quadrupole and magnetic moments.
The agreement of GXPF1Br+VMU is better than the
IM-SRG for 49Ca and 51Ca isotopes except for 47Ca. For
53Ca and 55Ca, the experimental data are not available.
Next, we study spectroscopic factor strengths C2S as-
sociated with neutron-hole states in 47−53Ca from IM-
SRG and GXPF1Br+VMU (fp, fpg9/2, and fpg9/2d5/2
model spaces) interactions. Experimental data are avail-
able for 48Ca→ 47Ca and 50Ca→ 49Ca transitions. The
calculated results are compared with the experimental
data [30] in Table III. For the 48Ca→ 47Ca transition,
IM-SRG result is C2Sth = 7.55 corresponding to ob-
served C2Sexp = 6.4
+8.4
−0.9 for the lowest 7/2
−
state, while
GXPF1Br+VMU is giving C
2Sth ∼ 7.7. The calculated
spectroscopic factor to the first excited 3/2
−
state is too
small in comparison with the experimental value. For
50Ca→ 49Ca, the spectroscopic factor from the IM-SRG
for the 3/2− and 7/2− states are reasonable as in the ex-
perimental data, while it is quite small for the 1/2− state.
From GXPF1Br+VMU interaction the spectroscopic fac-
tor for the 3/2− and 1/2− states are reasonable as in the
experimental data and giving a large value for 7/2− state.
For 52Ca→ 51Ca and 54Ca→ 53Ca transitions, we have
reported theoretical results of the spectroscopic factor for
future experiment.
IV. CONCLUSIONS
In the present work, we have performed shell-model
calculations with realistic NN interactions for 47−58Ca
isotopes. To see the importance of g9/2 and d5/2 or-
bitals, we have performed calculations for fp, fpg9/2,
and fpg9/2d5/2 model spaces. The significant increase
of the occupancy for the d5/2 orbital is obtained above
N = 34 once we move towards heavier Ca isotopes. Al-
though, the role of d5/2 orbital is marginal for heavier Ca
isotopes aboveN = 34. Our calculations support N = 32
and N = 34 subshell closures in the Ca isotopes. The re-
sults for the IM-SRG interaction targeted for a particular
nucleus with chiral NN and 3N forces are also reported.
We hope that the present shell-model study is helpful to
confirm several experimentally tentative states.
ACKNOWLEDGEMENTS
B. Bhoy acknowledges financial support from MHRD
(Govt. of India) for her Ph.D. thesis work. We have per-
formed theoretical calculations at Prayag computation
facility at IIT-Roorkee and Kan Balam computational
facility of DGCTIC-UNAM, Mexico.
6TABLE II: Comparison of experimental [31] and theoretical quadrupole and magnetic moments of ground states. Shell model
results obtained from IM-SRG and GXPF1Br+VMU (fp, fpg9/2, and fpg9/2d5/2 model spaces) interactions. We have taken
en = 0.5e and g
eff
s =g
free
s .
A µ(µN ) Q(eb)
Expt. fp fpg9/2 fpg9/2d5/2 IM-SRG Expt. fp fpg9/2 fpg9/2d5/2 IM-SRG
47 -1.4064(11) -1.4755 -1.4661 -1.4679 -1.3640 +0.084(6) +0.0675 +0.0673 +0.0675 +0.0790
49 -1.3799(8) -1.3921 -1.3919 -1.3857 -1.3290 -0.0360(3) -0.0386 -0.0386 -0.0386 -0.0452
51 -1.0496(11) -1.0077 -1.0503 -1.0523 -1.0610 +0.036(12) +0.0390 +0.0371 +0.0369 +0.0421
53 N/A +0.5063 +0.5120 +0.5020 +0.4930
55 N/A +1.0687 +0.5603 +1.0316 +0.9870 N/A -0.0550 0.00 -0.0482 -0.0567
TABLE III: Comparison of experimental [30] and theoretical spectroscopic factor strenghts obtained from IM-SRG and
GXPF1Br+VMU (fp, fpg9/2, and fpg9/2d5/2 model spaces) interactions for different transitions.
Level energy (keV) Jpi C2Sexp IM-SRG fp fpg9/2 fpg9/2d5/2
48Ca→ 47Ca
0 7/2− 6.4+8.4−0.9 7.553 7.700 7.670 7.659
3850 3/2− ≤1.4 0.002 0.059 0.059 0.062
50Ca→ 49Ca
0 3/2− 2.1(3) 1.848 1.803 1.726 1.698
3732 1/2− 0.28+0.05−0.03 0.042 0.094 0.109 0.119
4772 7/2− 3.4+0.4−0.3 4.784 7.701 7.669 7.654
52Ca→ 51Ca
0 3/2− N/A 3.768 3.573 3.423 3.356
3409 1/2− N/A 0.041 0.136 0.178 0.198
3758 5/2− N/A 0.003 0.003 0.010 0.012
54Ca→ 53Ca
0 1/2− N/A 1.929 1.851 1.466 1.399
3598 5/2− N/A 0.014 0.154 0.467 0.496
4118 3/2− N/A 3.832 3.558 3.452 3.414
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